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Abstract:
The Kerr spacetime is perhaps the most astrophysically important of the currently
known exact solutions to the Einstein field equations. Whenever spacetimes can
be put in unit-lapse form it becomes possible to identify some very straightforward
timelike geodesics, (the “rain” geodesics), making the physical interpretation of these
spacetimes particularly clean and elegant. The most well-known of these unit-lapse
formulations is the Painleve´–Gullstrand form of the Schwarzschild spacetime, though
there is also a Painleve´–Gullstrand form of the Lense–Thirring (slow rotation) space-
time. More radically there are also two known unit-lapse forms of the Kerr spacetime
— the Doran and Nata´rio metrics — though these are not precisely in Painleve´–
Gullstrand form. Herein we shall seek to explicate the most general unit-lapse form
of the Kerr spacetime. While at one level this is “merely” a choice of coordinates,
it is a strategically and tactically useful choice of coordinates, thereby making the
technically challenging but astrophysically crucial Kerr spacetime somewhat easier
to deal with.
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1 Introduction
The Kerr spacetime [1–13] is perhaps the most astrophysically important of the
known exact solutions to the Einstein field equations. Many physically interesting
spacetimes, (both theoretically interesting and astrophysically interesting), can be
put in unit-lapse form. That is, for many physically interesting spacetimes one can
find coordinate charts such that the ADM foliation [13], which generally entails a
metric decomposition of the form
gab =
[
−N2 + (hijvivj) −vj
−vi hij
]
ab
; gab =
[
−N−2 −vjN−2
−viN−2 hij − vivjN−2
]ab
; (1.1)
can instead be specialized to
gab =
[
−1 + (hijvivj) −vj
−vi hij
]
ab
; gab =
[
−1 −vj
−vi hij − vivj
]ab
. (1.2)
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Here hij = [hij]
−1 and vi = hij vj . Our signature is −+++. Space-time indices such
as a, b, c, d run 0. . . 3, with x0 = t, while spatial indices such as i, j, k, l run 1. . . 3.
Physically hij is interpreted as the 3-metric of the constant-t spatial slices, while the
flow vector vi is the negative of what is usually called the shift vector. The unit-
lapse condition N → 1 is encoded in the statement that gtt = −1, or equivalently
that det(gab) = − det(hij). Equivalently one can write the unit-lapse line-element
as:
ds2 = −dt2 + hij(dxi − vidt)(dxj − vjdt). (1.3)
Once one has the metric presented in unit-lapse form, the “rain” geodesics (timelike
geodesics corresponding to test particles dropped from spatial infinity with zero ini-
tial velocity) are particularly simple and give clean mathematically and physically
transparent insight into the spacetime geometry [14].
Spacetimes that can be put in this unit-lapse form include the Painleve´–Gullstrand
form of the Schwarzschild spacetime [15–19]
ds2 = −dt2 +
(
dr +
√
2m
r
dt
)2
+ r2
(
dθ2 + sin2 θ dφ2
)
, (1.4)
the Painleve´–Gullstrand form of the Lense–Thirring spacetime [20–22]
ds2 = −dt2 +
(
dr +
√
2m
r
dt
)2
+ r2
(
dθ2 + sin2 θ
(
dφ− 2J
r3
dt
)2)
, (1.5)
and, [at least for r ≥ Q2/(2m)], the Painleve´–Gullstrand form of the Reissner–
Nordstro¨m spacetime
ds2 = −dt2 +
(
dr +
√
2m
r
− Q
2
r2
dt
)2
+ r2
(
dθ2 + sin2 θ dφ2
)
. (1.6)
More subtly there are already at least two known distinct unit-lapse forms of the
Kerr spacetime, the fully explicit Doran metric [23], and the semi-explicit Nata´rio
metric [24]. (For considerable general background on the Kerr spacetime geometry
see the technical references [1–5], and the textbooks [6–13].)
Herein we shall develop several additional and particularly simple unit-lapse variants
of the Kerr spacetime. We shall compare and contrast them with the Doran [23]
and Nata´rio [24] metrics, and generalize them by embedding them in what we shall
argue is the most general unit-lapse representation of the Kerr spacetime. While at
one level this is “merely” a choice of coordinates, it is a strategically and tactically
useful choice of coordinates, making the technically challenging but astrophysically
crucial Kerr spacetime somewhat easier to deal with.
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It is also worth noting that unit-lapse spacetimes occur quite commonly and naturally
in many examples of analogue spacetimes [25–41] — where the unit lapse condition
physically corresponds to a constant propagation speed, (for example, sound waves in
water). So various analogue spacetimes can be invoked to develop physical intuition
in this purely general relativistic context.
2 “Rain” geodesics
Whenever one has a metric presented in unit-lapse form, at least some of the time-
like geodesics, the “rain” geodesics corresponding to a test object being dropped
from spatial infinity with zero initial velocity, are particularly easy to analyze [14].
Consider the contravariant vector field
V a = −gab∇bt = −gta =
(
1; vi
)
. (2.1)
The corresponding covariant vector field is
Va = −∇at = (−1; 0, 0, 0) . (2.2)
Thence gab V
aV b = V aVa = −1, so V a is a future-pointing timelike vector field with
unit norm, a 4-velocity. But this vector field has zero 4-acceleration:
Aa = V
b∇bVa = −V b∇b∇at = −V b∇a∇bt = V b∇aVb = 1
2
∇a(V bVb) = 0. (2.3)
Thus the integral curves of V a are timelike geodesics. Specifically, the integral curves
represented by
dxa
dτ
=
(
dt
dτ
;
dxi
dτ
)
=
(
1; vi
)
(2.4)
are timelike geodesics. Integrating the first of these equations is trivial
t(τ) = τ ; (2.5)
so that the time coordinate t can be identified with the proper time of these particular
geodesics. The remaining three equations,
dxi
dt
= vi(x), (2.6)
will depend on the specific form of the flow vector vi(x), and we will explore them
more carefully (perhaps exhaustively) in the analysis below.
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3 Coordinate transformations
The Kerr spacetime is both stationary and axisymmetric [1–13]. Let us label the
coordinates as (t, r, θ, φ). Using the symmetries of the Kerr spacetime it is possible
to set up preferred temporal and axial coordinates t and φ to make the relevant
Killing vectors simple:
Ka = (1, 0, 0, 0)a; and K˜a = (0, 0, 0, 1)a. (3.1)
As is completely standard, the metric components then satisfy ∂tgab = 0 = ∂φgab.
3.1 Symmetry-preserving coordinate transformations
If one now restricts one’s attention to coordinate transformations that do not disturb
these nice features of the presentation, (that is, coordinate transformations that keep
the stationary and axisymmetric symmetries manifest), one is forced to specialize to
coordinate transformations of the form
t→ t¯ = t+ T (r, θ); φ→ φ¯ = φ+ Φ(r, θ); (3.2)
(r, θ)→ (r¯, θ¯) = (r¯(r, θ), θ¯(r, θ)) . (3.3)
For current purposes we shall leave the r and θ coordinates intact, and shall further
specialise to coordinate transformations affecting t and φ only. One then has
dt→ dt¯ = dt+ Tr dr + Tθ dθ; dφ→ dφ¯ = dφ+ Φr dr + Φθ dθ. (3.4)
The relevant Jacobi matrix is
Jab =
∂x¯a
∂xb
=


1 Tr Tθ 0
0 1 0 0
0 0 1 0
0 Φr Φθ 1


a
b
; det(Jab) = 1. (3.5)
3.2 Temporal-only coordinate transformations
Let us first consider t-only coordinate transformations, leaving φ fixed. The Jacobi
matrix reduces to
Jab =
∂x¯a
∂xb
=


1 Tr Tθ 0
0 1 0 0
0 0 1 0
0 0 0 1


a
b
. (3.6)
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For the inverse metric we then have
g¯ab = Jac J
b
d g
cd. (3.7)
Specifically
g¯tt = J tc J
t
d g
cd = gtt + 2Tig
ti + TiTjg
ij = −N−2(1 + viTi)2 + hijTiTj . (3.8)
So to enforce unit lapse, g¯tt → −1, if it can be done at all, one needs to solve the
partial differential equation (PDE):
− 1 = gtt + 2Ti gti + TiTj gij. (3.9)
Equivalently, one needs to solve
− 1 = −N−2(1 + vi Ti)2 + hij TiTj , (3.10)
to find the function T (r, θ) specifying the transformation of the t coordinate.
Whether or not this PDE can be solved depends on specific features of the underlying
spacetime. For instance, spherical symmetry will certainly do the job, since then T (r)
is a function of r only, and we simply need to solve a quadratic equation for Tr:
− 1 = −N−2(1 + vr Tr)2 + hrr T 2r . (3.11)
Furthermore, as we shall soon see, in the specific situation we are interested in,
special features of the Kerr spacetime will do the job as well.
Note that simplifying the lapse generally makes other parts of the metric tensor more
complicated. Consider the flow vector; we note that in general
v¯i = −g¯ti = −J tc J id gcd = −J tt J it gtt − J tt J ij gtj − J tk J it gkt − J tk J il gkl. (3.12)
But since in the present situation J tt = 1, J
i
t = 0, J
t
i = Ti, and J
i
j = δ
i
j, this
collapses to
v¯i = − gti − J tj gij = v
i
N2
− Tj
(
hij − v
ivj
N2
)
= vi
(
1 + Tj v
j
N2
)
− hij Tj . (3.13)
That is, the coordinate transformation that simplifies the lapse to unity will also
modify (and typically complicate) the flow vector.
Furthermore, for the 3-metric
h¯ij = g¯ij = J
a
i J
b
j gab = gij + gitTj + gjtTi + gttTiTj. (3.14)
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This implies
h¯ij = hij − viTj − Tivj − (N2 − (hklvkvl)) TiTj. (3.15)
That is, the coordinate transformation that simplifies the lapse to unity will also
modify (and typically complicate) the 3-metric.
3.3 Azimuthal-only coordinate transformations
Now assume for the sake of argument that one has successfully used the freedom to
choose the function T (r, θ) to put the metric into unit lapse form, N → 1. What
more can be done by now using the φ transformation and the function Φ(r, θ)? We
are now interested in keeping the t coordinate fixed and considering
Jab =
∂x¯a
∂xb
=


1 0 0 0
0 1 0 0
0 0 1 0
0 Φr Φθ 1


a
b
. (3.16)
We note that this coordinate transformation will not disturb the unit-lapse condition,
whereas for the flow vector
v¯i = −g¯ti = −J tc J id gcd = −J tt J it gtt − J tt J ij gtj − J tk J it gkt − J tk J il gkl. (3.17)
But since in the current situation J it = 0 = J
t
i this collapses to
v¯i = −J ij gtj = J ij vj = vi +
(
0, 0, Φrv
r + Φθv
θ
)i
. (3.18)
That is, v¯r = vr, v¯θ = vθ, but v¯φ = vφ + Φrv
r + Φθv
θ. So we can use the remaining
coordinate freedom in φ to attempt to simplify the contravariant φ component of the
flow vector. Doing so would then simplify the rain geodesics. Of course there is a
price to pay: For the inverse 3-metric one now has
g¯ij = J ia J
j
b g
ab = J ik J
j
l g
kl, (3.19)
implying
g¯rr = grr; g¯rθ = grθ; g¯θθ = gθθ; (3.20)
g¯rφ = grφ + grrΦr + g
rθΦθ; g¯
θφ = gθφ + gθrΦr + g
θθΦθ; (3.21)
g¯φφ = gφφ + (gφrΦr + g
φθΦθ) + (g
rrΦ2r + 2g
rθΦrΦθ + g
θθΦ2θ). (3.22)
That is, the coordinate transformation that (potentially) simplifies the flow vector
will also modify (and typically complicate) the 3-metric. The arguments presented
so far have been rather general, appealing merely to stationarity and axisymme-
try. Let us now see how these considerations apply in the specific case of the Kerr
spacetime.
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4 Enforcing unit lapse — rain metrics for Kerr spacetime
Let us first focus on two particularly simple and novel unit-lapse versions of the
Kerr spacetime, based on Boyer–Lindquist and Eddington–Finkelstein coordinates
respectively.
4.1 Boyer–Lindquist-rain metric
The Kerr line element in the usual Boyer–Lindquist coordinates is
(ds2)BL = −
(
1− 2mr
ρ2
)
dt2 − 4mar sin
2 θ
ρ2
dφdt+
ρ2
∆
dr2 + ρ2dθ2
+
(
r2 + a2 +
2mra2 sin2 θ
ρ2
)
sin2 θdφ2, (4.1)
with the usual definitions ρ =
√
r2 + a2 cos2 θ and ∆ = r2+ a2− 2mr. Some authors
instead use the notation Σ = r2 + a2 cos2 θ, which we find to be not useful and shall
avoid. Other authors prefer to define
Σ = r2 + a2 +
2mra2
ρ2
sin2 θ = ρ2 + a2
(
1 +
2mr
ρ2
)
sin2 θ, (4.2)
which we find to be more useful.
Thence for the covariant Boyer–Lindquist metric1
(gab)BL =


−1 + 2mr
ρ2
0 0 −2mar sin2 θ
ρ2
0 ρ
2
∆
0 0
0 0 ρ2 0
−2mar sin2 θ
ρ2
0 0 Σ sin2 θ


ab
, (4.3)
and
det [(gab)BL] = −ρ4 sin2 θ. (4.4)
Furthermore it is an easy exercise to check that the inverse metric is
(gab)BL =


−1− 2mr(r2+a2)
ρ2∆
0 0 −2mar
ρ2∆
0 ∆
ρ2
0 0
0 0 1
ρ2
0
−2mar
ρ2∆
0 0 1−2mr/ρ
2
∆sin2 θ


ab
. (4.5)
In fact we shall soon see that in the Kerr spacetime the inverse (contravariant) metric
is often simpler than the (covariant) metric itself.
1It is useful to note that as a → 0 one regains Schwarzschild spacetime in the usual curvature
coordinates.
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Working slowly and carefully for clarity, we recall that to put this into unit lapse
form we would need to solve
− 1 = −N−2(1 + viTi)2 + hijTiTj . (4.6)
Noting that in this current situation vi Ti = 0, this equation reduces to
N−2 − 1 = hijTiTj . (4.7)
That is
2mr(r2 + a2)
ρ2∆
=
(
∆
ρ2
T 2r +
1
ρ2
T 2θ
)
. (4.8)
Thence, multiplying through by ρ2 we see
2mr(r2 + a2)
∆
=
(
∆ T 2r + T
2
θ
)
. (4.9)
But this has the obvious solutions
Tθ = 0; Tr = ±
√
2mr(r2 + a2)
∆
. (4.10)
So T (r, θ) is actually independent of θ, and we explicitly have
T (r) = ±
∫ √
2mr(r2 + a2)
∆
dr. (4.11)
Thence
t¯ = t+ T (r); dt¯ = dt+ Tr; dt = dt¯− Tr. (4.12)
That is, now suppressing the overbar, simply taking the Boyer–Lindquist form of the
Kerr metric and replacing
dt→ dt∓
√
2mr(r2 + a2)
∆
dr, (4.13)
will put the metric into unit-lapse form. There are two roots, and retrospectively
checking that one has a black hole (rather than a white hole) leads one to choose
the negative root.2 Let us call the resulting line element the Boyer–Lindquist-rain
metric, also to be abbreviated as the BL-rain metric.
2This is most easily checked by setting a → 0 and comparing with the (black hole) Painleve´–
Gullstrand form of the Schwarschild line element.
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We have
(ds2)BL-rain = −
(
1− 2mr
ρ2
)(
dt−
√
2mr(r2 + a2)
∆
dr
)2
−4mar sin
2 θ
ρ2
dφ
(
dt−
√
2mr(r2 + a2)
∆
dr
)
+
ρ2
∆
dr2 + ρ2dθ2
+Σsin2 θdφ2. (4.14)
Thence we have the somewhat messy result that the covariant metric (gab)BL-rain
equals

−1 + 2mr
ρ2
(
1− 2mr
ρ2
) √
2mr(r2+a2)
∆
0 −2mar sin2 θ
ρ2(
1− 2mr
ρ2
) √
2mr(r2+a2)
∆
ρ2
∆
−
(
1− 2mr
ρ2
)
2mr(r2+a2)
∆2
0 +2mar sin
2 θ
ρ2
√
2mr(r2+a2)
∆
0 0 ρ2 0
−2mar sin2 θ
ρ2
+2mar sin
2 θ
ρ2
√
2mr(r2+a2)
∆
0 Σ sin2 θ


ab
(4.15)
while we still retain the simple result that
det [(gab)BL-rain] = −ρ4 sin2 θ. (4.16)
Furthermore, it is an easy exercise to check that the inverse metric now takes on the
relatively simple form
(gab)BL-rain =


−1
√
2mr(r2+a2)
ρ2
0 −2mar
ρ2∆√
2mr(r2+a2)
ρ2
∆
ρ2
0 0
0 0 1
ρ2
0
−2mar
ρ2∆
0 0 1−2mr/ρ
2
∆sin2 θ


ab
. (4.17)
So we have indeed simplified the lapse, but at the cost of complicating the flow
vector:
N = 1; (vi)BL-rain =
(
−
√
2mr(r2 + a2)
ρ2
, 0,
2mar
ρ2∆
)
. (4.18)
Note that for the rain geodesics dθ/dt = 0, so that θ(t) = θ
∞
is conserved. Also
(
dφ
dr
)
BL-rain
=
dφ/dt
dr/dt
= − a
√
2mr
∆
√
r2 + a2
. (4.19)
– 9 –
Therefore for these BL-rain geodesics we have
φ(r) = φ
∞
+
∫
∞
r
a
√
2mr
∆
√
r2 + a2
dr. (4.20)
Overall this BL-rain version of the Kerr spacetime is quite straightforward, both in
terms of tractability and clarity of physical insight.
4.2 Eddington–Finkelstein-rain metric
The very first version of the Kerr spacetime, as presented in Kerr’s original PRL
article [1], was in terms of Eddington–Finkelstein null coordinates (note the sign of
the parameter a has been flipped in order to conform to standard conventions). We
shall abbreviate the name of this metric as EF-null:
(ds2)EF-null = −
[
1− 2mr
ρ2
] (
du− a sin2 θ dφ)2
+2
(
du− a sin2 θ dφ) (dr − a sin2 θ dφ)
+ρ2 (dθ2 + sin2 θ dφ2). (4.21)
First, consider a slightly different but completely equivalent form of the metric which
follows from Kerr’s original “advanced Eddington–Finkelstein” form via the coordi-
nate substitution
u = t+ r, du = dt+ dr, (4.22)
in which case we have what we shall abbreviate as the EF-tr line element:
(ds2)EF-tr = −dt2 + dr2 − 2a sin2 θ dr dφ+ ρ2 dθ2 + (r2 + a2) sin2 θ dφ2
+
2mr
ρ2
(
dt+ dr − a sin2 θ dφ)2 . (4.23)
Note that with this sign convention for the parameter a one has the standard Lense–
Thirring result for weak fields at large distances [20–22]. Also note that if a → 0
then this reduces to the Eddington–Finkelstein t-r form of Schwarzschild spacetime.
Keeping a 6= 0, in these Eddington–Finkelstein t-r coordinates the covariant metric
(gab)EF-tr is
(gab)EF-tr =


−1 + 2mr
ρ2
2mr
ρ2
0 −2mar
ρ2
sin2 θ
2mr
ρ2
1 + 2mr
ρ2
0 −a(1 + 2mr
ρ2
) sin2 θ
0 0 ρ2 0
−2mar
ρ2
sin2 θ −a(1 + 2mr
ρ2
) sin2 θ 0 Σ sin2 θ


ab
. (4.24)
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In contrast, in these Eddington–Finkelstein t-r coordinates the Kerr geometry has
the rather simple inverse metric
(gab)EF-tr =


−1 − 2mr
ρ2
2mr
ρ2
0 0
2mr
ρ2
∆
ρ2
0 a
ρ2
0 0 1
ρ2
0
0 a
ρ2
0 1
ρ2 sin2 θ


ab
. (4.25)
To put this into unit lapse form we would need to solve the PDE
− 1 = gtt + 2Ti gti + TiTj gij. (4.26)
That is
− 1 = −
(
1 +
2mr
ρ2
)
+ 2Tr
2mr
ρ2
+
∆
ρ2
T 2r +
T 2θ
ρ2
. (4.27)
This simplifies to
0 = −2mr + 4mr Tr +∆ T 2r + T 2θ . (4.28)
But this has the obvious solution
Tθ = 0; Tr =
−2mr ±
√
(2mr)2 + (2mr)∆
∆
=
−2mr ±
√
2mr(r2 + a2)
∆
. (4.29)
Ultimately the sign ± of the square root will be chosen to distinguish a black hole
from a white hole. Note that
−2mr ±
√
2mr(r2 + a2)
∆
=
−2mr ±
√
2mr(r2 + a2)
∆
−2mr ∓
√
2mr(r2 + a2)
−2mr ∓
√
2mr(r2 + a2)
=
−2mr
−2mr ∓
√
2mr(r2 + a2)
=
2mr/(r2 + a2)
2mr/(r2 + a2)±
√
2mr/(r2 + a2)
=
√
2mr/(r2 + a2)√
2mr/(r2 + a2)± 1
= ±
√
2mr/(r2 + a2)
1±
√
2mr/(r2 + a2)
. (4.30)
That is, the relevant coordinate transformation can be recast as
Tθ = 0; Tr = ±
√
2mr/(r2 + a2)
1±
√
2mr/(r2 + a2)
. (4.31)
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So T (r, θ) is actually independent of θ, and we explicitly have
T (r) = ±
∫ √
2mr/(r2 + a2)
1±
√
2mr/(r2 + a2)
dr. (4.32)
Thence
t¯ = t+ T (r); dt¯ = dt+ Tr; dt = dt¯− Tr. (4.33)
That is, now suppressing the overbar, taking the Eddington–Finkelstein t-r form of
the Kerr metric and simply replacing
dt→ dt∓
√
2mr/(r2 + a2)
1±
√
2mr/(r2 + a2)
dr, (4.34)
will put the metric into unit-lapse form. Let us call the resulting line element the
Eddington–Finkelstein-rain metric (to be abbreviated as EF-rain). Explicitly
(ds2)EF-rain = −
(
dt∓
√
2mr/(r2 + a2)
1±
√
2mr/(r2 + a2)
dr
)2
(4.35)
+dr2 − 2a sin2 θ dr dφ+ ρ2 dθ2 + (r2 + a2) sin2 θ dφ2
+
2mr
ρ2
(
dt+
[
1∓
√
2mr/(r2 + a2)
1±
√
2mr/(r2 + a2)
]
dr − a sin2 θ dφ
)2
.
Thence, this slightly simplifies to
(ds2)EF-rain = −
(
dt∓
√
2mr/(r2 + a2)
1±
√
2mr/(r2 + a2)
dr
)2
(4.36)
+dr2 − 2a sin2 θ dr dφ+ ρ2 dθ2 + (r2 + a2) sin2 θ dφ2
+
2mr
ρ2
(
dt+
dr
1±
√
2mr/(r2 + a2)
− a sin2 θ dφ
)2
.
Retrospectively checking that it is the upper sign that corresponds to a black hole,3
we have
(ds2)EF-rain = −
(
dt−
√
2mr/(r2 + a2)
1 +
√
2mr/(r2 + a2)
dr
)2
(4.37)
+dr2 − 2a sin2 θ dr dφ+ ρ2 dθ2 + (r2 + a2) sin2 θ dφ2
+
2mr
ρ2
(
dt+
dr
1 +
√
2mr/(r2 + a2)
− a sin2 θ dφ
)2
.
3This is most easily checked by setting a → 0 and comparing with the (black hole) Painleve´–
Gullstrand form of the Schwarzschild line element.
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In these Eddington–Finkelstein-rain coordinates the covariant metric is given by
(gab)EF-rain =


−1 + 2mr
ρ2
gtr 0 −2marρ2 sin2 θ
gtr grr 0 grφ
0 0 ρ2 0
−2mar
ρ2
sin2 θ grφ 0 Σ sin
2 θ


ab
(4.38)
subject to the relatively messy results that
grr = 1 +
a2 sin2 θ(2mr/ρ2)
(r2 + a2)(1 +
√
2mr/(r2 + a2))2
; (4.39)
gtr =
2mr/ρ2 +
√
2mr/(r2 + a2)
1 +
√
2mr/(r2 + a2)
; (4.40)
grφ = −a sin2 θ
(
1 + 2mr/ρ2 +
√
2mr/(r2 + a2)
1 +
√
2mr/(r2 + a2)
)
. (4.41)
Remarkably, the inverse metric is again much simpler
(gab)EF-rain =


−1
√
2mr(r2+a2)
ρ2
0
√
2mra2/(r2+a2)
ρ2(1+
√
2mr/(r2+a2))√
2mr(r2+a2)
ρ2
∆
ρ2
0 a
ρ2
0 0 1
ρ2
0√
2mra2/(r2+a2)
ρ2(1+
√
2mr/(r2+a2))
a
ρ2
0 1
ρ2 sin2 θ


ab
. (4.42)
So we have again simplified the lapse, but again at the cost of complicating the flow
vector, now in a slightly different manner:
N = 1; (vi)EF-rain = −
(√
2mr(r2 + a2)
ρ2
, 0,
√
2mra2/(r2 + a2)
ρ2(1 +
√
2mr/(r2 + a2))
)
. (4.43)
Note that for the rain geodesics we again have dθ/dt = 0, so that θ(t) = θ
∞
is again
conserved. Furthermore we now have(
dφ
dr
)
EF-rain
=
dφ/dt
dr/dt
=
a
(r2 + a2)(1 +
√
2mr/(r2 + a2))
. (4.44)
Therefore for these EF-rain geodesics we now have the relatively simple azimuthal
behaviour
φ(r) = φ
∞
−
∫
∞
r
a
(r2 + a2)(1 +
√
2mr/(r2 + a2))
dr. (4.45)
Overall this EF-rain version of the Kerr spacetime is again quite straightforward,
both in terms of tractability and clarity of physical insight.
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4.3 Summary at this stage
Up to this point, working only with t-coordinate transformations, we have already
constructed two novel and fully explicit unit-lapse versions of the Kerr spacetime,
namely the BL-rain and EF-rain metrics. While establishing the existence of these
BL-rain and EF-rain metrics is relatively easy, and the behaviour of the rain geodesics
is transparent, these metrics can perhaps be further improved by working with φ-
coordinate transformations.
5 Adjusting the flow vector
Having now used the freedom in choosing the time coordinate to exhibit two explicit
unit lapse forms of the Kerr solution, we shall consider the effects of using the freedom
in choosing the azimuthal coordinate φ to further simplify the metric. Remember
that on quite general grounds we had seen that it is possible to transform the flow
vector as follows vφ → v¯φ = vφ + Φrvr + Φθvθ.
• In both of the specific examples we have investigated above, (BL-rain and
EF-rain), one has vθ = 0, so one might as well consider vφ → v¯φ = vφ + Φrvr.
• In both of the specific examples we have investigated above, (BL-rain and
EF-rain), the only angular dependence in both the vr and vφ components arises
from a common factor of ρ−2.
• This suggests that it should be possible to eliminate vφ completely by suitably
choosing a coordinate transformation φ¯ = φ+ Φ(r).
We will now use this freedom to extract the Doran [23] version of the Kerr spacetime
metric via three distinct routes, from the BL-rain metric, from the EF-rain metric,
and directly from the EF-null metric. We shall also discuss Nata´rio’s version of the
Kerr spacetime [24], wherein he does not set vφ → 0 but instead forces vφ to be a
very specific function of r and ρ.
5.1 Doran metric: Route 1 (Boyer–Lindquist-rain)
Let us start from the BL-rain (inverse) metric as explored above,
(gab)BL-rain =


−1
√
2mr(r2+a2)
ρ2
0 −2mar
ρ2∆√
2mr(r2+a2)
ρ2
∆
ρ2
0 0
0 0 1
ρ2
0
−2mar
ρ2∆
0 0 1−2mr/ρ
2
∆sin2 θ


ab
. (5.1)
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Recall that in these coordinates the flow vector is
(vi)BL-rain =
(
−
√
2mr(r2 + a2)
ρ2
, 0,
2mar
ρ2∆
)
. (5.2)
Now choose
Φr = −
(
vφ
vr
)
BL-rain
=
a
√
2mr
∆
√
r2 + a2
; Φ(r) =
∫
a
√
2mr
∆
√
r2 + a2
dr. (5.3)
Then v¯φ → 0. However, in view of equation (3.19), and the fully explicit forms (3.20)–
(3.22), the spatial part of the inverse 3-metric becomes slightly more complicated and
we obtain (via this nonstandard route starting from the Boyer–Lindquist version of
Kerr) the Doran [23] form of the (inverse) Kerr metric
(gab)Doran =


−1
√
2mr(a2+r2)
ρ2
0 0√
2mr(a2+r2)
ρ2
∆
ρ2
0
a
√
2mr
a
2+r2
ρ2
0 0 1
ρ2
0
0
a
√
2mr
a
2+r2
ρ2
0 1
(a2+r2) sin2 θ


ab
. (5.4)
This is completely equivalent to starting with the Boyer–Lindquist form of Kerr and
making the two coordinate transformations
dt→ dt−
√
2mr(r2 + a2)
∆
dr, (5.5)
dφ→ dφ− a
√
2mr
∆
√
r2 + a2
dr. (5.6)
Doing so results in
(ds2)Doran = −dt2 + ρ2 dθ2 + (r2 + a2) sin2 θ dφ2 (5.7)
+
{
ρdr√
r2 + a2
+
√
2mr
ρ
(dt− a sin2 θ dφ)
}2
.
The covariant metric is then4
(gab)Doran =


−1 + 2mr
ρ2
√
2mr
a2+r2
0 −2mar sin2 θ
ρ2√
2mr
a2+r2
ρ2
r2+a2
0 −a
√
2mr
a2+r2
sin2 θ
0 0 ρ2 0
−2mar sin2 θ
ρ2
−a
√
2mr
a2+r2
sin2 θ 0 Σ sin2 θ


ab
. (5.8)
4An easy consistency check is to set a→ 0 and verify that one recovers the (black hole) Painleve´–
Gullstrand version of the Schwarzschild spacetime.
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5.2 Doran metric: Route 2 (Eddington–Finkelstein-rain)
Let us now start from the EF-rain (inverse) metric as explored above,
(gab)EF-rain =


−1
√
2mr(r2+a2)
ρ2
0
√
2mra2/(r2+a2)
ρ2(1+
√
2mr/(r2+a2))√
2mr(r2+a2)
ρ2
∆
ρ2
0 a
ρ2
0 0 1
ρ2
0√
2mra2/(r2+a2)
ρ2(1+
√
2mr/(r2+a2))
a
ρ2
0 1
ρ2 sin2 θ


ab
. (5.9)
In these coordinates the flow vector is
(vi)EF-rain = −
(√
2mr(r2 + a2)
ρ2
, 0,
√
2mra2/(r2 + a2)
ρ2(1 +
√
2mr/(r2 + a2))
)
. (5.10)
Now choose
Φr = −
(
vφ
vr
)
EF−rain
= − a/(r
2 + a2)
1 +
√
2mr/(r2 + a2)
. (5.11)
So that
Φ(r) = −
∫
a/(r2 + a2)
1 +
√
2mr/(r2 + a2)
dr. (5.12)
Then v¯φ → 0. However, in view of equation (3.19), and the fully explicit forms (3.20)–
(3.22), the spatial part of the inverse 3-metric becomes slightly more complicated and
we again obtain the Doran form of the (inverse) Kerr metric
(gab)Doran =


−1
√
2mr(a2+r2)
ρ2
0 0√
2mr(a2+r2)
ρ2
∆
ρ2
0
a
√
2mr
a
2+r2
ρ2
0 0 1
ρ2
0
0
a
√
2mr
a
2+r2
ρ2
0 1
(a2+r2) sin2 θ


ab
. (5.13)
This is completely equivalent to starting with the Eddington–Finkelstein t-r form of
Kerr and making the two coordinate transformations
dt→ dt−
√
2mr/(r2 + a2)
1 +
√
2mr/(r2 + a2)
dr, (5.14)
dφ→ dφ− a/(r
2 + a2)
1 +
√
2mr/(r2 + a2)
dr. (5.15)
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Doing so again results in [23]
(ds2)Doran = −dt2 + ρ2 dθ2 + (r2 + a2) sin2 θ dφ2 (5.16)
+
{
ρ dr√
r2 + a2
+
√
2mr
ρ
(dt− a sin2 θ dφ)
}2
.
5.3 Doran metric: Route 3 (Eddington–Finkelstein-null)
The original way of getting to the Doran metric [23] was to take the “advanced
Eddington–Finkelstein null coordinate” version of the Kerr solution [1], (with a→ −a
to conform with standard conventions):
(ds2)EF-null = −
[
1− 2mr
r2 + a2 cos2 θ
] (
du− a sin2 θ dφ)2
+2
(
du− a sin2 θ dφ) (dr − a sin2 θ dφ)
+(r2 + a2 cos2 θ) (dθ2 + sin2 θ dφ2). (5.17)
One then simultaneously makes the twom-dependent coordinate transformations [23]
du = dt+
dr
1 +
√
2mr/(r2 + a2)
; (5.18)
dφDoran = dφ+
a dr
r2 + a2 +
√
2mr(r2 + a2)
. (5.19)
This is of course equivalent to first applying the u transformation to go to from EF-
null to EF-rain coordinates, and then subsequently applying the φ transformation
to go from EF-rain coordinates to Doran coordinates. After dropping the subscript
“Doran”, in the new (t, r, θ, φ) coordinates Doran’s version of the Kerr line element
again takes the form:
(ds2)Doran = −dt2 + ρ2 dθ2 + (r2 + a2) sin2 θ dφ2 (5.20)
+
{
ρ dr√
r2 + a2
+
√
2mr
ρ
(dt− a sin2 θ dφ)
}2
.
From the line element it is easy to extract gab the matrix of metric components.
Explicitly
(gab)Doran =


−1 + 2mr
ρ2
√
2mr
a2+r2
0 −2mar sin2 θ
ρ2√
2mr
a2+r2
ρ2
r2+a2
0 −a
√
2mr
a2+r2
sin2 θ
0 0 ρ2 0
−2mar sin2 θ
ρ2
−a
√
2mr
a2+r2
sin2 θ 0 Σ sin2 θ


ab
. (5.21)
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It is easy to extract invert gab to obtain g
ab the matrix of inverse-metric components.
Explicitly
(gab)Doran =


−1
√
2mr(a2+r2)
ρ2
0 0√
2mr(a2+r2)
ρ2
∆
ρ2
0
a
√
2mr
a
2+r2
ρ2
0 0 1
ρ2
0
0
a
√
2mr
a
2+r2
ρ2
0 1
(a2+r2) sin2 θ


ab
. (5.22)
Note in particular that gtt = −1 as claimed. Note that the shift vector
(vi)Doran = −
(√
2mr(a2 + r2)
ρ2
, 0, 0
)
(5.23)
is particularly simple. Finally with symbolic manipulation software it is easy to check
that the metric is indeed Ricci flat Rab = 0.
Of the three distinct routes for getting to the Doran metric [23], the EF-null route is
traditional, but the BL-rain and EF-rain routes are perhaps more informative, and
provide us with additional insight. Overall, we feel that the BL-rain route (BL →
BL-rain → Doran) is in many ways the simplest route — of course one has to get to
the BL metric in the first place.
5.4 Rain geodesics in the Doran metric
However one gets to the Doran metric, the rain geodesics are just integral curves of
the flow vector field
(vi)Doran = −
(√
2mr(a2 + r2)
ρ2
, 0, 0
)
. (5.24)
But this now implies that both θ and φ are constant along the Doran rain geodesics
— effectively one has simplified the azimuthal evolution of the rain geodesics by
craftily picking an azimuthal coordinate transformation to strategically cancel the
azimuthal evolution occurring in the rain geodesics as expressed in either BL-rain or
EF-rain coordinates.
In these Doran coordinates the rain geodesics satisfy
t(τ) = τ ; θ(τ) = θ
∞
; φ(τ) = φ
∞
; (5.25)
while
dr
dt
= −
√
2mr(a2 + r2)
r2 + a2 cos2 θ
∞
. (5.26)
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So formally at least
t = t0 −
∫ r
r0
r2 + a2 cos2 θ
∞√
2mr(a2 + r2)
dr. (5.27)
Unfortunately, performing this integral involves an incomplete Elliptic integral of the
first kind, so the function t(r) and its inverse r(t) are at best implicit rather than
fully explicit.
5.5 Nata´rio version of the Kerr spacetime
Yet another unit-lapse version of the Kerr spacetime has been provided by Nata´rio
in reference [24]:
(ds2)Nata´rio = −dt2 + ρ
2
Σ
(dr − v dt)2 + ρ2dθ2 + Σsin2 θ (dφ+ δdθ − Ωdt)2 . (5.28)
Natario started from Boyer–Lindquist coordinates and then invoked the further co-
ordinate transformations
dt¯ = dt−
√
2mr(r2 + a2)
∆
dr, (5.29)
dφ¯ = dφ+ Φr dr + Φθ dθ. (5.30)
Now the t coordinate transformation, considered by itself, simply brings the BL
metric into the BL-rain form previously considered. But the φ transformation Nata´rio
used did not then bring the metric into Doran form — instead Nata´rio chose to
enforce
(vφ)Nata´rio = Ω =
2mra
ρ2Σ
, (5.31)
where as previously
Σ = r2 + a2 +
2mra2
ρ2
sin2 θ = ρ2 + a2
(
1 +
2mr
ρ2
)
sin2 θ. (5.32)
Natario’s choice for vφ leads to a rather complicated expression for Φ(r, θ).
Specifically, starting from
Φr =
(vφ)Nata´rio − (vφ)BL-rain
(vr)BL-rain
=
(vφ)Nata´rio − (vφ)BL-rain
(vr)Nata´rio
, (5.33)
and then substituting and integrating, one can formally extract Φ(r, θ) — but the
result is not particularly edifying. In contrast
v = −
√
2mr(r2 + a2)
ρ2
, (5.34)
is quite tractable.
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Unfortunately the quantity δ(r, θ) is quite intractable:
δ(r, θ) = −a2 sin(2θ)
∫
∞
r
vΩ
Σ
dr. (5.35)
Explicitly
δ(r, θ) = −a2 sin(2θ)
∫
∞
r
2mar
√
2mr(r2 + a2)
[(r2 + a2)(r2 + a2 cos2 θ) + 2 sin2 θma2r]2
dr. (5.36)
The integration leads to incomplete Elliptic integrals, so the presence of δ(r, θ) in
the line element implies the implicit presence of incomplete Elliptic integrals in the
metric components themselves. This renders Nata´rio’s form of the metric for the
Kerr spacetime less attractive than it first appears.
For completeness we point out that
(gab)Nata´rio =


−1 + ρ2v2
Σ
+ Σsin2 θΩ2 −ρ2v
Σ
−δΣ sin2 θΩ −Σ sin2 θΩ
−ρ2v
Σ
ρ2
Σ
0 0
−δΣ sin2 θΩ 0 ρ2 + δ2Σ sin2 θ δΣ sin2 θ
−Σ sin2 θΩ 0 δΣ sin2 θ Σ sin2 θ


ab
. (5.37)
The metric determinant is again
det ((gab)Nata´rio) = −ρ4 sin2 θ, (5.38)
as it should be. (The relevant Jacobi matrices are all determinant unity.)
Finally the inverse metric is
(gab)Nata´rio =


−1 −v 0 −Ω
−v Σ
ρ2
− v2 0 −Ωv
0 0 1
ρ2
− δ
ρ2
−Ω −Ωv − δ
ρ2
1
Σ sin2 θ
+ δ
2
ρ2
− Ω2


ab
. (5.39)
As required, the lapse function is indeed unity and the flow vector is now
(vi)Nata´rio = (v, 0,Ω). (5.40)
For rain geodesics in the Nata´rio metric θ is again conserved, so that θ(r) = θ
∞
.
In addition (
dφ
dr
)
Nata´rio
=
dφ/dt
dr/dt
=
Ω
v
= −
√
2mr
r2 + a2
a
Σ
. (5.41)
– 20 –
This leads to the intractable integral
φ(r) = φ
∞
+
∫
∞
r
√
2mr
r2 + a2
a
r2 + a2 + 2mra
2
r2+a2 cos2 θ
sin2 θ
dr. (5.42)
The only other significant drawback of the Nata´rio form of the metric for Kerr
spacetime is the explicit presence of the quantity δ(r, θ) in the metric components,
hiding the implicit presence of several incomplete Elliptic integrals.
5.6 Summary at this stage
Up to this point, first working only with t-coordinate transformations, we have
constructed two novel and fully explicit unit-lapse versions of the Kerr spacetime,
namely the BL-rain and EF-rain metrics. Then with certain specific choices for the
φ-coordinate transformations have recovered the fully explicit Doran [23] and semi-
explicit Nata´rio [24] metrics. While establishing the existence of all four of these
unit-lapse metrics is relatively easy, it does open the question of what the most
general unit-lapse version of the Kerr spacetime might look like.
6 General unit-lapse representation of the Kerr metric
Given what we have seen so far, the development of a general unit-lapse representa-
tion of the Kerr metric is now straightforward — pick any one of the four specific
unit-lapse metrics we have investigated (BL-rain, EF-rain, Doran, Nata´rio) and for
an arbitrary function Φ(r, θ) simply transform the φ coordinate φ → φ¯ − Φ(r, θ),
while leaving the t coordinate intact. That is, replace
dφ→ dφ− Φr dr − Φθ dθ (6.1)
in the line element. Let us explicitly do this for the Doran line element. We find
(ds2)general = −dt2 + ρ2 dθ2 + (r2 + a2) sin2 θ (dφ− Φr dr − Φθ dθ)2 (6.2)
+
{
ρdr√
r2 + a2
+
√
2mr
ρ
(dt− a sin2 θ (dφ− Φr dr − Φθ dθ))
}2
.
Let us write
(gab)general = (gab)Doran +∆1(gab) + ∆2(gab). (6.3)
We have already calculated (gab)Doran.
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The first-order and second-order shifts, (linear and quadratic in the gradients of Φ),
are:
∆1(gab) = sin
2 θ


0 2mar
ρ2
Φr
2mar
ρ2
Φθ 0
2mar
ρ2
Φr 2a
√
2mr
r2+a2
Φr a
√
2mr
r2+a2
Φθ −ΣΦr
2mar
ρ2
Φθ a
√
2mr
r2+a2
Φθ 0 −ΣΦθ
0 −ΣΦr −ΣΦθ 0


ab
. (6.4)
and
∆2(gab) = Σ sin
2 θ


0 0 0 0
0 Φ2r ΦrΦθ 0
0 ΦrΦθ Φ
2
θ 0
0 0 0 0


ab
= Σsin2 θ ΦaΦb. (6.5)
Note that only some of the components of (gab)Doran change, and that they do so in
a quite well-controlled manner.
It is straightforward to now invert (gab)general to obtain (g
ab)general the matrix of inverse-
metric components. Let us write
(gab)general = (g
ab)Doran +∆1(g
ab) + ∆2(gab). (6.6)
We have already calculated (gab)Doran.
The first-order and second-order shifts are:
∆1(g
ab) =
1
ρ2


0 0 0
√
2mr(r2 + a2) Φr
0 0 0 ∆ Φr
0 0 0 Φθ√
2mr(r2 + a2) Φr ∆ Φr Φθ 2a
√
2mr
r2+a2
Φr


ab
. (6.7)
and
∆2(g
ab) =
∆ Φ2r + Φ
2
θ
ρ2


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


ab
. (6.8)
Note that only some of the components of (gab)Doran change, and that they do so in
a well-controlled manner.
This represents the most general unit-lapse representation of the Kerr spacetime
geometry, keeping the (r, θ) coordinates in the usual spherical oblate spheroidal form.
Note that, as advertised, φ-coordinate transformations that manifestly preserve the
stationary axisymmetric nature of the spacetime, while also preserving the (r, θ)
spherical oblate spheroidal coordinates, can be used to adjust the flow vector at the
price of also affecting the 3-metric.
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Adding (r, θ) coordinate transformations to the discussion does not seem to add
much to the physics — the (r, θ) spherical oblate spheroidal coordinates seem to
be preferred coordinates — though this seems to be more than just an effect of
stationarity and axisymmetry. There seems to be more at play here, and we hope to
address these issues in future work.
7 Conclusions
What have we learned from this discussion? First, unit lapse versions of stationary
spacetimes are extremely useful in that they immediately provide a class of timelike
geodesics, the “rain geodesics” (zero angular momentum observers, ZAMOs, that are
dropped from spatial infinity with zero initial velocity), that provide an explicit and
tractable probe of the spacetime physics. Second, the Kerr spacetime (which is an
exact solution of the vacuum Einstein equations that is the default option for de-
scribing astrophysically interesting black holes) admits an infinite class of unit-lapse
coordinate charts. The Doran coordinates are one example, but so are the Nata´rio
coordinates, as are the BL-rain and EF-rain coordinates introduced herein.
Improved coordinate systems for the Kerr spacetime are strategically and tactically
important for a better understanding of the technically challenging and astrophys-
ically important Kerr spacetime. See for instance attempts at finding a “Gordon
form” for the Kerr spacetime [42], and attempts at upgrading the “Newman–Janis
trick” from an ansatz to an algorithm [43]. Finally we should also mention that
the discussion herein also impacts the observational ability to distinguish exact Kerr
black holes from various “black hole mimickers” — see for instance references [44, 45],
and more recently references [46–51], and references [52–60].
Acknowledgements
JB was supported by a MSc scholarship funded by the Marsden Fund, via a grant
administered by the Royal Society of New Zealand.
TB was supported by a Victoria University of Wellington MSc scholarship, and was
also indirectly supported by the Marsden Fund, via a grant administered by the
Royal Society of New Zealand.
AS was supported by a Victoria University of Wellington PhD Doctoral Scholarship,
and was also indirectly supported by the Marsden fund, via a grant administered by
the Royal Society of New Zealand.
MV was directly supported by the Marsden Fund, via a grant administered by the
Royal Society of New Zealand.
– 23 –
References
[1] Roy Kerr, “Gravitational field of a spinning mass as an example of algebraically
special metrics”, Physical Review Letters 11 237-238 (1963).
[2] Roy Kerr, “Gravitational collapse and rotation”, published in: Quasi-stellar sources
and gravitational collapse: Including the proceedings of the First Texas Symposium
on Relativistic Astrophysics, edited by Ivor Robinson, Alfred Schild, and E.L.
Schu¨cking (University of Chicago Press, Chicago, 1965), pages 99–102.
The conference was held in Austin, Texas, on 16–18 December 1963.
[3] M. Visser, “The Kerr spacetime: A brief introduction”, [arXiv:0706.0622 [gr-qc]].
Published in [4].
[4] D. L. Wiltshire, M. Visser and S. M. Scott,
The Kerr spacetime: Rotating black holes in general relativity,
(Cambridge University Press, Cambridge, 2009).
[5] Barrett O’Neill, The geometry of Kerr black holes, (Peters, Wellesley, 1995).
Reprinted (Dover, Mineloa, 2014).
[6] Ronald J. Adler, Maurice Bazin, and Menahem Schiffer, Introduction to General
Relativity, Second edition, (McGraw–Hill, New York, 1975).
[It is important to acquire the 1975 second edition, the 1965 first edition does not
contain any discussion of the Kerr spacetime.]
[7] Ray D’Inverno, Introducing Einstein’s Relativity,
(Oxford University Press, Oxford, 1992).
[8] James Hartle, Gravity: An introduction to Einstein’s general relativity,
(Addison Wesley, San Francisco, 2003).
[9] Sean Carroll, An introduction to general relativity: Spacetime and Geometry,
(Addison Wesley, San Francisco, 2004).
[10] Robert Wald, General relativity, (University of Chicago Press, Chicago, 1984).
[11] Steven Weinberg, Gravitation and Cosmology: Principles and Applications of the
General Theory of Relativity, (Wiley, Hoboken, 1972).
[12] M. P. Hobson, G. P. Estathiou, and A N. Lasenby,
General relativity: An introduction for physicists,
(Cambridge University Press, Cambridge, 2006).
[13] Charles Misner, Kip Thorne, and John Archibald Wheeler, Gravitation,
(Freeman, San Francisco, 1973).
[14] A. J. Hamilton and J. P. Lisle, “The River model of black holes”,
Am. J. Phys. 76 (2008), 519-532 doi:10.1119/1.2830526
[arXiv:gr-qc/0411060 [gr-qc]].
[15] K. Schwarzschild, “U¨ber das Gravitationsfeld eines Massenpunktes nach der
Einsteinschen Theorie”, Sitzungsberichte der Ko¨niglich Preussischen Akademie der
Wissenschaften 7 (1916) 189. Free online version.
– 24 –
[16] Paul Painleve´, “La me´canique classique et la the´orie de la relativite´ ”,
C. R. Acad. Sci. (Paris) 173, 677–680(1921).
[17] Paul Painleve´,
“La gravitation dans la me´canique de Newton et dans la me´canique d’Einstein”,
C. R. Acad. Sci. (Paris) 173, 873–886(1921).
[18] Gullstrand, Allvar (1922). “Allgemeine Lo¨sung des statischen Einko¨rperproblems in
der Einsteinschen Gravitationstheorie”. Arkiv fo¨r Matematik, Astronomi och Fysik.
16 (8): 1–15.
[19] K. Martel and E. Poisson,
“Regular coordinate systems for Schwarzschild and other spherical space-times”,
Am. J. Phys. 69 (2001), 476-480 doi:10.1119/1.1336836
[arXiv:gr-qc/0001069 [gr-qc]].
[20] Hans Thirring and Josef Lense,
“U¨ber den Einfluss der Eigenrotation der Zentralko¨rperauf die Bewegung der
Planeten und Monde nach der Einsteinschen Gravitationstheorie”,
Physikalische Zeitschrift, Leipzig Jg. 19 (1918), No. 8, p. 156–163.
English translation by Bahram Mashoon, Friedrich W. Hehl, and Dietmar S. Theiss,
“On the influence of the proper rotations of central bodies on the motions of planets
and moons in Einstein’s theory of gravity”,
General Relativity and Gravitation 16 (1984) 727–741.
[21] Herbert Pfister, “On the history of the so-called Lense–Thirring effect”,
http://philsci-archive.pitt.edu/archive/00002681/01/lense.pdf
[22] Joshua Baines, Thomas Berry, Alex Simpson, and Matt Visser,
“Painleve´–Gullstrand form of the Lense–Thirring spacetime”,
arXiv:2006.14258 [gr-qc].
[23] C. Doran, “A New form of the Kerr solution”, Phys. Rev. D 61 (2000), 067503
doi:10.1103/PhysRevD.61.067503 [arXiv:gr-qc/9910099 [gr-qc]].
[24] Jose´ Nata´rio, “Painleve´-Gullstrand Coordinates for the Kerr Solution”,
Gen. Rel. Grav. 41 (2009), 2579-2586 doi:10.1007/s10714-009-0781-2
[arXiv:0805.0206 [gr-qc]].
[25] M. Visser, “Acoustic propagation in fluids: An unexpected example of Lorentzian
geometry”, [arXiv:gr-qc/9311028 [gr-qc]].
[26] M. Visser, “Acoustic black holes: Horizons, ergospheres, and Hawking radiation”,
Class. Quant. Grav. 15 (1998), 1767-1791 doi:10.1088/0264-9381/15/6/024
[arXiv:gr-qc/9712010 [gr-qc]].
[27] M. Visser, “Acoustic black holes”, [arXiv:gr-qc/9901047 [gr-qc]].
[28] G. Volovik, “Simulation of Painleve´-Gullstrand black hole in thin He-3-A film”,
JETP Lett. 69 (1999), 705-713 doi:10.1134/1.568079 [arXiv:gr-qc/9901077 [gr-qc]].
– 25 –
[29] S. E. Perez-Bergliaffa, K. Hibberd, M. Stone and M. Visser,
“Wave equation for sound in fluids with vorticity”,
Physica D 191 (2004), 121-136 doi:10.1016/j.physd.2003.11.007
[arXiv:cond-mat/0106255 [cond-mat]].
[30] M. Visser, C. Barcelo´ and S. Liberati, “Analog models of and for gravity”,
Gen. Rel. Grav. 34 (2002), 1719-1734 doi:10.1023/A:1020180409214
[arXiv:gr-qc/0111111 [gr-qc]].
[31] U. R. Fischer and M. Visser, “On the space-time curvature experienced by
quasiparticle excitations in the Painleve´–Gullstrand effective geometry”,
Annals Phys. 304 (2003), 22-39 doi:10.1016/S0003-4916(03)00011-3
[arXiv:cond-mat/0205139 [cond-mat]].
[32] M. Novello, M. Visser and G. Volovik, Artificial black holes,
(World Scientific, Singapore, 2002)
[33] C. Barcelo´, S. Liberati and M. Visser, “Probing semiclassical analog gravity in
Bose-Einstein condensates with widely tune-able interactions”,
Phys. Rev. A 68 (2003), 053613 doi:10.1103/PhysRevA.68.053613
[arXiv:cond-mat/0307491 [cond-mat]].
[34] M. Visser and S. E. C. Weinfurtner,
“Vortex geometry for the equatorial slice of the Kerr black hole”,
Class. Quant. Grav. 22 (2005), 2493–2510 doi:10.1088/0264-9381/22/12/011
[arXiv:gr-qc/0409014 [gr-qc]].
[35] C. Barcelo´, S. Liberati and M. Visser, “Analogue gravity”,
Living Rev. Rel. 8 (2005), 12 doi:10.12942/lrr-2005-12 [arXiv:gr-qc/0505065 [gr-qc]].
[36] S. Liberati, M. Visser and S. Weinfurtner,
“Analogue quantum gravity phenomenology from a two-component Bose-Einstein
condensate”, Class. Quant. Grav. 23 (2006), 3129-3154
doi:10.1088/0264-9381/23/9/023 [arXiv:gr-qc/0510125 [gr-qc]].
[37] S. Weinfurtner, S. Liberati and M. Visser,
“Analogue model for quantum gravity phenomenology”,
J. Phys. A 39 (2006), 6807-6814 doi:10.1088/0305-4470/39/21/S83
[arXiv:gr-qc/0511105 [gr-qc]].
[38] M. Visser and C. Molina-Par´ıs, “Acoustic geometry for general relativistic
barotropic irrotational fluid flow”, New J. Phys. 12 (2010), 095014
doi:10.1088/1367-2630/12/9/095014 [arXiv:1001.1310 [gr-qc]].
[39] M. Visser, “Survey of analogue spacetimes”, Lect. Notes Phys. 870 (2013), 31-50
doi:10.1007/978-3-319-00266-8 2 [arXiv:1206.2397 [gr-qc]].
[40] S. Liberati, S. Schuster, G. Tricella and M. Visser,
“Vorticity in analogue spacetimes”,
Phys. Rev. D 99 # 4 (2019) 044025 doi:10.1103/PhysRevD.99.044025
[arXiv:1802.04785 [gr-qc]].
– 26 –
[41] S. Schuster and M. Visser, “Boyer–Lindquist space-times and beyond:
Meta-material analogues”, [arXiv:1802.09807 [gr-qc]].
[42] S. Liberati, G. Tricella and M. Visser,
“Towards a Gordon form of the Kerr spacetime”,
Class. Quant. Grav. 35 (2018) no.15, 155004 doi:10.1088/1361-6382/aacb75
[arXiv:1803.03933 [gr-qc]].
[43] D. Rajan and M. Visser,
“Cartesian Kerr–Schild variation on the Newman–Janis trick”,
Int. J. Mod. Phys. D 26 (2017) no.14, 1750167 doi:10.1142/S021827181750167X
[arXiv:1601.03532 [gr-qc]].
[44] M. Visser, C. Barcelo´, S. Liberati and S. Sonego,
“Small, dark, and heavy: But is it a black hole?”, PoS BHGRS (2008) 010
doi:10.22323/1.075.0010 [arXiv:0902.0346 [gr-qc]].
[45] M. Visser, “Black holes in general relativity”, PoS BHGRS (2008), 001
doi:10.22323/1.075.0001 [arXiv:0901.4365 [gr-qc]].
[46] R. Carballo-Rubio, F. Di Filippo, S. Liberati and M. Visser,
“Phenomenological aspects of black holes beyond general relativity”,
Phys. Rev. D 98 (2018) 124009. [arXiv:1809.08238 [gr-qc]].
[47] R. Carballo-Rubio, F. Di Filippo, S. Liberati, C. Pacilio and M. Visser,
“On the viability of regular black holes”, J. High Energ. Phys. 2018 (2018).
[arXiv:1805.02675 [gr-qc]].
[48] R. Carballo-Rubio, F. Di Filippo, S. Liberati and M. Visser,
“Geodesically complete black holes”, Phys. Rev. D 101 (2020), 084047
doi:10.1103/PhysRevD.101.084047 [arXiv:1911.11200 [gr-qc]].
[49] R. Carballo-Rubio, F. Di Filippo, S. Liberati and M. Visser,
“Opening the Pandora’s box at the core of black holes”,
Class. Quant. Grav. 37 (2020) no.14, 145005 doi:10.1088/1361-6382/ab8141
[arXiv:1908.03261 [gr-qc]].
[50] R. Carballo-Rubio, F. Di Filippo, S. Liberati and M. Visser,
“Causal hierarchy in modified gravity”, [arXiv:2005.08533 [gr-qc]].
[51] E. Barausse, E. Berti, T. Hertog, S. A. Hughes, P. Jetzer, P. Pani, T. P. Sotiriou,
N. Tamanini, H. Witek, K. Yagi, N. Yunes, et al.,
“Prospects for Fundamental Physics with LISA”,
doi:10.1007/s10714-020-02691-1 (GRG in press). [arXiv:2001.09793 [gr-qc]].
[52] F. S. N. Lobo, A. Simpson and M. Visser, “Dynamic thin-shell black-bounce
traversable wormholes”, Phys. Rev. D 101 (2020) no.12, 124035
doi:10.1103/PhysRevD.101.124035 [arXiv:2003.09419 [gr-qc]].
[53] A. Simpson, P. Mart´ın-Moruno and M. Visser, “Vaidya spacetimes, black-bounces,
and traversable wormholes”, Class. Quant. Grav. 36 (2019) no.14, 145007
doi:10.1088/1361-6382/ab28a5 [arXiv:1902.04232 [gr-qc]].
– 27 –
[54] A. Simpson and M. Visser, “Black-bounce to traversable wormhole”, JCAP 02
(2019), 042 doi:10.1088/1475-7516/2019/02/042 [arXiv:1812.07114 [gr-qc]].
[55] P. Boonserm, T. Ngampitipan, A. Simpson and M. Visser, “Exponential metric
represents a traversable wormhole”, Phys. Rev. D 98 (2018) no.8, 084048
doi:10.1103/PhysRevD.98.084048 [arXiv:1805.03781 [gr-qc]].
[56] A. Simpson and M. Visser,
“Regular black holes with asymptotically Minkowski cores”,
Universe 6 (2019) no.1, 8 doi:10.3390/universe6010008 [arXiv:1911.01020 [gr-qc]].
[57] J. M. Bardeen, “Non-singular general-relativistic gravitational collapse”,
in Proceedings of International Conference GR5, 1968, Tbilisi, USSR, p. 174.
[58] S. A. Hayward, “Formation and evaporation of regular black holes”,
Phys. Rev. Lett. 96 (2006) 031103 doi:10.1103/PhysRevLett.96.031103
[gr-qc/0506126].
[59] V. P. Frolov,
“Information loss problem and a black hole model with a closed apparent horizon”,
JHEP 1405, 049 (2014) doi:10.1007/JHEP05(2014)049 [arXiv:1402.5446 [hep-th]].
[60] V. P. Frolov and A. Zelnikov,
“Quantum radiation from an evaporating nonsingular black hole”,
Phys. Rev. D 95 (2017) no.12, 124028 doi:10.1103/PhysRevD.95.124028
[arXiv:1704.03043 [hep-th]].
– 28 –
